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ABSTRACT
Hawking’s radiance, even as computed without account of backreaction, departs from
blackbody form due to the mode dependence of the barrier penetration factor. Thus the
radiation is not the maximal entropy radiation for given energy. By comparing estimates
of the actual entropy emission rate with the maximal entropy rate for the given power, and
using standard ideas from communication theory, we set an upper bound on the permitted
information outflow rate. This is several times the rates of black hole entropy decrease or
radiation entropy production. Thus, if subtle quantum effects not heretofore accounted for
code information in the radiance, the information that was thought to be irreparably lost
down the black hole may gradually leak back out from the black hole environs over the full
duration of the hole’s evaporation.
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Following his theoretical discovery of the black hole radiance that bears his name, Hawking noted
[1] that such radiation seems to contradict accepted quantum physics. If a black hole forms from
matter prepared in a pure state, and then radiates away its mass in ostensibly thermal radiation,
one is left with a high entropy mixed state of radiation. This contradicts the quantum dogma
that a pure state will always remain pure under Hamiltonian evolution. A related contradiction
follows from the interpretation of black hole entropy as the measure of the information hidden in the
black hole about the ways it might have been formed [2]. Since fully thermal radiation is incapable
of conveying detailed information about its source, that information remains sequestered as the
black hole radiates, and when it finally evaporates away, the information is lost forever. These two
contradictions are facets of the black hole information loss paradox.
Three reactions to the paradox are possible (for reviews see Refs. 3 and 4). The first is to accept
the loss of information and the trasmutation of pure into mixed state as an inevitable consequence
of the merging of gravity with quantum physics [1]. Specific schemes for accomplishing this have
been found to be incompatible with locality or conservation of energy [5]. A second point of view
[1,6] holds that black hole evaporation leaves a massive remnant of Planck dimensions which retains
all the information in question. This possibility is not as conservative as it sounds. According to
the bound on specific entropy or information [7], or considerations from quantum gravity [8], an
object of Planck mass and dimension can hold only a few bits of information, so that the posited
massive remnants cannot fit the information bill of a large evaporating black hole. Variations of the
remnant idea, their merits and problems have been discussed in Refs. 8,9 and 4, among many. Yet
a third view [10,11] is that exploiting subtle correlations in the radiation, the information manages
to leak back out from the incipient black hole in the course of the evaporation. The leak cannot be
postponed to the late stages of evaporation without incurring the problems accompanying remnants
[6,4]. For information leak throughout the evaporation to be a reasonable resolution of the paradox,
it must be shown that an information flow of the appropriate magnitude can come out of the black
hole’s near environs. A step in this direction is taken in the present paper.
Lately these three viewpoints have been widely examined by means of the 1 + 1 dimensions
dilaton-gravity model of an evaporating black hole proposed by Callan, Giddings, Harvey and Stro-
minger [12]. This model allows explicit treatment of the quantum radiance and its backreaction
on the hole (for reviews see Ref. 3). Whatever the final outcome of this type of investigations, it
will be nontrivial to project the conclusions from this model to the realistic case of 1 + 3 black
holes. Therefore, any new model independent aproach which can address the 1+ 3 dimensional case
would be of great conceptual help. We here employ a thermodynamic argument (which fact makes
it virtually model independent) to show that for the 1 + 3 dimensional Schwarzschild black hole, an
outflow of information of the required magnitude to resolve the information problem is permitted in
principle. We do not explore here specific mechanisms for information extraction, but note that this
subjects has already received attention [13].
Although the Hawking radiance has thermal features, as certified by the exponential distribution
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of the number of quanta emitted in each mode, and the lack of correlations between modes [14],
it is not precisely of blackbody form. The would be blackbody spectrum is distorted by the mode
dependence of the barrier penetration factor Γsjmp(ω), where s stands for the particle species, j and
m for the angular momentum quantum numbers and p for the polarization, with Γ < 1 in general
[1]. For a Schwarzschild black hole of mass M , inverse temperature βbh = 8piGM/h¯ and entropy
Sbh, the average energy in a mode is (henceforth we set c = 1)
εsjmp(βbh, ω) =
h¯ωΓsjmp(ω)
eβbhh¯ω ± 1
(1)
where henceforth the upper (lower) sign corresponds to fermions (bosons). It is as if blackbody
radiation has been passed through a filter. But the analogy with filtered radiation stops there. In
the laboratory the filter at the mouth of a blackbody cavity eventually heats up to the cavity’s
temperature, and so eventually the emerging radiation becomes blackbody. For a black hole the
distortion is permanent. Perhaps a better analogy is the radiation from a star which, generally, is
far from blackbody because it comes from layers at different temperatures.
A consequence of the distortion is that, compared with blackbody radiation with the same power
(but, of course, at inverse temperature different from βbh), Hawking radiance is less entropic. Alter-
natively, for given inverse temperature, Hawking radiation, in contrast with blackbody radiation, has
free energy, and useful work can be gotten out of it by reshuffling the energy among the modes. The
entropic defficiency suggests that the radiance may be carrying information about the state of the
quantum fields in the far past, i.e., just the information that is supposed to be lost. This would, of
course, be impossible if the radiance were exactly blackbody. In our stellar analogy, much is learned
about a star’s atmosphere (composition and physical conditions) from the departure of its spectrum
from blackbody, e.g., spectral lines.
Let us look at the question in the light of quantum communication theory (for reviews see
Ref. 15). We shall adapt Lebedev and Levitin’s pioneering thermodynamic approach [16], and
measure information in natural units (nits); 1 nit = log2 e bits. To this end we consider the entropy
of the Hawking radiance as entropy (uncertainty about the state) of the noise which is adulterating
the signal conveying the information. The radiance power,
·
E, will be interpreted as the sum of noise
and signal powers. With this scenario the maximum rate at which information can be recovered
from the radiation by a suitable detector is
·
Imax ≡
·
S′ −
·
S where
·
S is the actual entropy outflow
rate, while
·
S′ is the maximum entropy rate corresponding to the actual power
·
E under the boundary
conditions of the system. (Actually, if the noise is correlated with the signal, as may well be the
case in the Hawking radiance,
·
Imax will be larger [15]; in this case our arguments below are actually
strengthened). Lebedev and Levitin considered a one dimensional communication channel. Most of
our discussion will be devoted to the issue of how to define the three-dimensional channel issuing
from a black hole.
For convenience we shall use the notation i ≡ {sjmp}. The probability distribution for the black
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hole to spontaneously emit n quanta in mode {i, ω} is given by [14]
psp(n) = (1± e
−γi)∓1e−γin (2)
where γi(βbh, ω) is defined by
1
eγi ± 1
=
Γi(ω)
eβbhh¯ω ± 1
(3)
From this follows the entropy in the given mode:
σi(βbh, ω) = ± ln(1± e
−γi) +
γi
eγi ± 1
(4)
We may also reexpress Eq. (1) as
εi(βbh, ω) =
h¯ω
eγi ± 1
(5)
The entropy outflux rate and the power may now be expressed as
·
S =
∑
i
∫ ∞
0
σi(βbh, ω)
dω
2pi
(6)
·
E =
∑
i
∫ ∞
0
εi(βbh, ω)
dω
2pi
(7)
where dω/2pi is the rate at which modes of type i emanate from the hole.
Page [17,18] has calculated numerically the contributions of various particle species to
·
E and
·
S,
and states the results in terms of the dimensionless ratios µ ≡
·
E(GM)2h¯−1 and ν ≡
·
S/(βbh
·
E). For
each species of light neutrinos or antineutrinos he finds µ = 4.090× 10−5 and ν = 1.639 with modes
having j = 12 ,
3
2 ,
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2 being the overwhelming contributors. For photons µ = 3.371×10
−5 and ν = 1.500
with modes having j = 1, 2, 3 making the dominant contribution. And for gravitons µ = 3.84×10−6
and ν = 1.348 with modes having j = 2, 3 contributing overwhemingly. If the black hole emits three
species of neutrinos and three of antineutrinos (each with a single helicity), photons and gravitons,
the overall numbers are µ = 2.829× 10−4 and ν = 1.619 (this last value involves the individual ν’s
weighted by the µ’s). If there are only two light neutrino species the numbers are µ = 2.011× 10−4
and ν = 1.610. The contributions of bosons alone are µ = 3.755× 10−5 and ν = 1.484.
We now have to compare
·
S with the entropy rate
·
S′ of the maximally entropic (blackbody)
distribution whose power
·
E′ equals
·
E. A straightforward way to get
·
S′ is to compute both it and
·
E′
from the Boltzmann formulae for blackbody emission by assuming some effective radiating area for
the black hole. This “photosphere” is not a well defined concept, depending as it does on frequency.
Thus, in the scattering of high frequency (geodesically moving) quanta by our black hole, all quanta
hitting within a crossection 27piG2M2 will be captured [19]. This suggests a photospheric area Aphot
four times as large. But Aphot must be larger than that. This is because each Γi(ω) vanishes only as
some power of ω as ω → 0, so that quanta with fairly large impact parameter are sometimes absorbed
and, therefore, must also be emitted sometimes. The modes they are in must thus be included in
calculating the comparison blackbody radiation. We thus write Aphot = ξ108piG
2M2 with ξ > 1.
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At inverse temperature βeff , a black body of area Aphot emits power
·
E′ = Npi2Aphot/(60βeff
4h¯3),
where N is the effective number of particle species emitted. Photons and gravitons contribute 1 each
to N ; each species of fermions contributes 7/16. Therefore, we must set N = 37/8 if there are three
light neutrino species and N = 15/4 if there are two. Comparing these results for
·
E′ with Page’s
results for
·
E we obtain βeff = 1.230 ξ
1/4βbh for three light neutrinos and βeff = 1.271 ξ
1/4βbh for
two. For blackbody radiation flowing in three space dimensions,
·
S′ = 43βeff
·
E′. Thus, taking into
account the ν factors of Page,
·
Imax ≡
·
S′ −
·
S = (1.640 ξ1/4 − 1.619) βbh
·
E (8)
for three neutrino species; for two the numerical factor is 1.694 ξ1/4−1.610. Since βbh
·
E = −βbh
·
M =
−
·
Sbh we see that even if ξ = 1, 1-5% of the sequestered information could come out in principle.
This is just a lower bound because we actually expect ξ to be larger, so that
·
Imax may actually be
a substantial fraction of |
·
Sbh|. The present method is, however, unable to tell us just how much.
The following alternative approach is able to set an upper bound on
·
Imax/|
·
Sbh|. We shall
compare Page’s
·
S with the entropy flow
·
S′ in the same angular momentum modes of a blackbody
distribution with inverse temperature βeff determined by the equality of the powers (in the relevant
set of modes only). This is different from the above calculation which compared with blackbody
modes having sharply defined directions (coming from the black hole). The new comparison should
overestimate
·
S′ and consequently
·
Imax because blackbody radiation populating a finite number of
angular momentum modes assigns substantial weight to modes with ω → 0; for nonzero orbital
angular momentum these correspond to arbitrarily large impact parameter, and are thus not related
to the black hole. These spurious modes broaden the phase space and so artificially increase the
entropy rate
·
S′. Later on we shall show how to repair part of this problem.
To calculate the blackbody quantities we replace for each mode γi → βeff h¯ω in Eq. (4) and
Eq. (5) . The integral of the logarithmic term in σi of Eq. (6) can be combined with the other term
by integration by parts. Using ∫ ∞
0
x dx
ex ± 1
=
pi2(3∓ 1)
24
(9)
one can cast the results in the form
·
S′
2βeff
=
·
E′ =
pi
12h¯βeff
2
∑
i
gi (10)
where gi = 1 or
1
2 for a boson or fermion mode, respectively. Summing over the particle species
and modes which Page considered, we obtain
∑
i gi = 90 for three light neutrinos and
∑
i gi = 78 for
two. Equating
·
E′ with Page’s
·
E gives βeff = 11.48βbh and
·
S′ = 22.97βbh
·
E if there are three light
neutrinos while βeff = 12.68βbh and
·
S′ = 25.36βbh
·
E if there are two. Using the cited values of ν
we conclude that
·
Imax =
·
S′ −
·
S = 21.35 |
·
Sbh| (11)
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for three light neutrinos. If there are only two, the numerical factor is 23.75.
Although the above figure for
·
Imax is an overestimate, it is so large as to suggest that an
information leak of suficient magnitude to resolve the information problem is allowed. For example,
if
·
I, the actual information outflow rate, amounts to 1.619|
·
Sbh| throughout the course of evaporation
of a massive black hole down to M ≈ 1 × 1014 g (when the emission of massive particles becomes
important and most of the initial black hole entropy has disappeared [17]), the outgoing information
equals the total Hawking radiance entropy. Hence, given an appropriate mechanism, the radiation
can end up in a pure state.
But how exagerated is the above bound on
·
Imax ? We shall not attempt to exclude the low
frequency modes by hand from our calculation; such a task would be fraught with ambiguities.
Rather we ask, if it were possible to modify the curvature barrier surrounding the black hole, and
consequently to modify the Γi(ω), what would be the most entropic spectrum that could come out
of the black hole ? As we shall see presently, the answer is not blackbody: the Γi(ω) cannot all be
unity. However, the new spectrum is more relevant for comparison than the pure blackbody one
because, for given angular momentum, it does supress low frequency modes.
If we could manipulate the Γi(ω), the largest entropy flow
·
S′ would be obtained with the Γi(ω)
as large as possible. This is seen by differentiating σi [Eq. (4)] with respect to γi, and transforming
the derivative to one with respect to the corresponding Γi(ω) with help of Eq. (3); the result is
positive definite. We are thus interested in the hypothetical situation when all the Γi(ω) are as large
as physically possible. For fermion modes no reason is known to prevent Γi(ω) from approaching
unity. However, for boson modes the value of Γi(ω) is subject to a bound.
This bound stems from the formula
Γi(ω) = (1− e
−βbhh¯ω) Γi0(ω) (12)
where 1−Γi0 is the probability that a single incident quantum is scattered back from the black hole
[20,21]. Formula (12) follows by combinatorics from the interpretation in terms of a combination of
scattering, and spontaneous and stimulated emission of the conditional probability p(m|n) that the
Schwarzschild black hole returns outwardm quanta in a mode which had n incident ones. The p(m|n)
has been obtained independently by information theoretic [20] and field theoretic [22] methods. It
turns out to be impossible to understand its form as due to a combination of Hawking emission and
scattering [20]; the inclusion of stimulated emission supplies the missing element. The stimulated
emission depresses the value of Γi(ω) under the naive absorption probability Γi0(ω). In fact, because
Γi0 ≤ 1, Γi(ω) ≤ 1− e
−βbhh¯ω. (The case Γi = Γi0 = 1 is not actually excluded by the considerations
of Ref. 20, but a Γi close to unity is not allowed).
In view of the above, let us compare the actual
·
S with the
·
S′ of a spectrum of the form of Eq. (1)
with inverse temperature βeff and having Γi(ω) = 1 (perfect blackbody) for all fermion modes, but
Γi(ω) = 1 − e
−βeff h¯ω for all boson modes. This is the closest a black hole emission spectrum could
come to blackbody, and thus gives the largest
·
S′ for given power. Note that the new comparison
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spectrum is poor in low frequency bosons as compared with the blackbody spectrum. Thus we have
gone part of the way towards repairing the problem noted earlier. Since the fermions are blackbody
as in our previous calculation, we shall just concentrate on the boson contributions to
·
S and
·
S′. In
what follows the subscript “b” stands for bosons.
We shall first compute the boson contribution
·
E′b. From the chosen Γi(ω) it follows that
εi(βeff , ω) = h¯ωe
−βeff h¯ω. Thus Eq. (7) gives
·
E′b = (2pih¯βeff
2)−1
∑
b gi. The sum over the boson
modes calculated by Page is 54. Equating the result to his
·
Eb determines that βeff = 19.04βbh. We
now compare εi with Eq. (5) to determine that e
γi = 1 + eβeff h¯ω. It then follows from Eq. (4) that
σi(βeff , ω) = ln(1 + e
−βeff h¯ω) + e−βeff h¯ω ln(1 + eβeff h¯ω) for boson modes. After integration by parts,
Eq. (6) gives
·
S′b = (pi/24 + ln 2/pi)
∑
b gi
h¯βeff
(13)
Comparing with Page’s result for
·
Sb gives
(
·
Imax)b =
·
S′b −
·
Sb = 5.382 |
·
Sbh| (14)
where we have used the value of the total
·
Sbh including the contribution of three light neutrino
species.
Although the above figure may overestimate (
·
Imax)b, we must still add a contribution from
fermions to get the total
·
Imax. Thus our earlier impression from Eq. (11) that the departure of
Hawking radiance from blackbody is enough to permit a large information outflux stands. Gradual
escape of the sequestered information (equal to Sbh) and reconstitution of a pure radiation state
by the time the hole has evaporated away seem feasible, provided some quantum mechanism codes
the information in the radiation. It would be surprising if nature has not taken advantage of this
opportunity to obviate the information problem. There remains the task of identifying the mechanism
of information leak. The prominent part played by the curvature barrier in deforming the blackbody
spectrum makes processes associated with it, such as stimulated emission, likely culprits.
I thank Gary Horowits, Don Page and Andy Strominger for informative conversations, and Jim
Hartle for hospitality in Santa Barbara.
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